Abstract. We analyze a thin elastic, homogeneous strip under a smooth load and several different types of boundary conditions. The strip is assumed to obey either a plane strain or a plane stress type deformation of linear theory of elasticity. We characterize the 2D solution and consider dimension reduction of arbitrary order n. Both interior and global energy estimates for the reduction error are derived.
1. Introduction. The special class of geometries consisting of beams, arches, plates, and shells is of major importance in the theory of elasticity. A characteristic feature of such problems is that one dimension of the body is small with respect to the others, i.e., the body is thin. This property often makes the numerical solution of the problem more difficult than in "thick" cases. On a thin body, displacement and stress fields assume asymptotic shapes that are often difficult to capture by straightforward numerical methods such as FEM. On the other hand, one can also take advantage of the fact that the body is thin. One can carry out, by analytical means, a dimension reduction that converts the three-dimensional (3D) problem into a simpler lowerdimensional one.
Before the last few decades, dimensional reduction was seen mainly as a theoretic tool. The ultimate goal was typically to obtain analytic solutions, e.g., as Fourier expansions, in special cases. The classical plate and shell models served then as simpler models than the original 3D one for such purposes. The analytical point of view was in fact present already in the way the reduced models were then derived. One looked directly at the equilibrium and constitutive equations to see what kind of asymptotic solutions could be found as the thickness gets small. More recently, the development of computers has changed the point of view from asymptotic analysis to the direction of numerical analysis. One is now less interested in getting analytic solutions for some special cases than in developing methods for effective and accurate solving of larger groups of problems. Modern FEMs have their natural basis in variational (or energy) principles rather than in the classical systems of partial differential equations.
In this paper we consider the problem of two-dimensional (2D) linear elasticity on a strip ω = {(x, z)| − 1 < x < 1, −t/2 < z < t/2}, (1.1) where t may be small. We assume either the state of plane strain or that of plane stress; i.e., the problem itself is the result of dimension reduction applied to a plate problem where the plate is either very long (plane strain) or very thin (plane stress) along the coordinate normal to the (x, z)-plane. The load is assumed to be acting on the surfaces z = ±t/2 and to be (sufficiently) smooth. The boundary conditions at x = ±1 may be given alternatively as displacements, stresses, or mixed conditions. The aim of this paper is to study the behavior of the true 2D solution from the point of view of the accuracy of dimension reduction models. The dimension reduction models considered here are so-called n-models based on nth-degree polynomial expansion of the displacement field in the z-coordinate and on the straightforward use of the energy principle. Such models are obviously directly related to numerical modeling by the FEM. The analysis of the exact solution is divided into two parts. In the first part we follow the philosophy of standard asymptotic analysis techniques. We first change the boundary conditions at x = ±1 to more convenient ones, so that we can give an approximate (asymptotic) solution as a polynomial expansion in the z-direction. We then derive an energy estimate for the truncation error. In the second part we consider what is left, i.e., homogeneous (free) boundary conditions at z = ±t/2, and boundary conditions at x = ±1 obtained by superposition. Here we give the solution as a sum of three known unit (far-field) solutions and an exponentially decaying boundary layer. The coefficients for the unit solutions are given either exactly or with an estimated error. Estimates for the energy of the boundary layer are also derived. These results give as a by-product sharp, global, and interior convergence rates for dimensionally reduced n-models.
For previous work on the problem of elastic strip the reader is referred to [Go] , [Pa] , [Fa] , [Sm] , [Be] , [GS] , [Gz1] , [Gz2] , [JL] , [Tor] , [Br] , [Gu] , [Bo] , [Sp] , [Gr1] , [Gr2] , [Gr3] , [GG] , [GW] , [SW] , [HP] , [H1] , [M] . Many of the results obtained in these works may be seen here as special cases. The traditional approach to boundary layers has been to use Papkovich-Faddle eigenfunction expansions. In this work we are concerned mainly with the connection between numerical modeling and the energy perspective. Thus we characterize the boundary layers using energy arguments and only to the extent relevant for the error analysis of numerical models. We note that in finite element models, one may need local mesh refinements or some other extra efforts near the ends of the strip to make sure that the layers are captured with sufficient accuracy. In the dimension reduction terminology, this corresponds to using the actual 2D model in the boundary layer zone and polynomial expansions in the interior of the domain only. We give energy estimates for the error of such improved n-models as well.
bending state. As is well known, this is possible by simple symmetry considerations. The four states are referred to as B.1, B.2 (bending states) and M.1, M.2 (membrane states). These correspond to the following loading types.
B.1. τ
For the convenience of our analysis, we have here scaled the loads in such a way that when f is fixed and t varies, a nontrivial limit displacement field is obtained as t → 0. As it turns out, the scalings chosen are the right ones for this goal. Below we assume that f is in each case sufficiently many times continuously differentiable on the closed interval [−1, 1] and independent of t.
At the ends of the strip, i.e., at x = −1 and x = +1, we impose either stress or displacement boundary conditions. At a given end, we allow any legal combination of the conditions
meaning that we may have either (u, w), (u, τ 13 ), (τ 11 , w), or (τ 11 , τ 13 ) given. We assume here that u
To set up the variational formulation of the problem we denote the energy space by V. This is defined as the subspace of W = [H 1 (ω)] 2 where the homogeneous versions of the kinematical constraints on (u, w) on Γ s (if any) are imposed. Then the variational formulation is as follows. Find u 2D ∈ W that satisfies the given kinematical constraints on Γ s and such that
where Q is the external load potential
Note that due to the assumed dimensionless coordinates, our strain and stress tensors are related to the more ordinary ones through a scaling factor L.
In case those kinematical constraints in V leave free some rigid displacements
, we assume that the load satisfies the corresponding equilibrium condition Q(u RD ) = 0, and we shrink the energy space by imposing the constraint
The same constraint is then assumed to hold also for the solution u 2D . We note that for all u ∈ V the Korn inequality
holds where c is independent of t. This follows from standard results [NH1] by a simple scaling argument. The inequality quarantees that the variational problem (2.1) is uniquely solvable. We consider dimension reduction models, so called n-models, derived from the variational principle (2.1) as follows. For n ≥ 0 let W n and V n be subspaces of W (resp., V) defined by
and let u n ∈ W n be an approximation to u 2D such that u n satisfies the kinematical constraints on Γ s and
We assume here that the kinematical constraints on Γ s are polynomials of order at most n. If this is not the case, the remainders of the Taylor expansions of u ± (z) and w ± (z) are simply dropped out and the solution for the 2D problem determined by the remainders is added to the dimension reduction error.
In the next chapters we analyze u 2D and estimate u 2D − u n in the energy norm
First we construct by asymptotic analysis a field u n f ∈ W n which satisfies the equilibrium conditions (Euler equations of (2.1)) approximately, i.e.,
in ω, and the given stress boundary conditions likewise approximately, i.e.,
on Γ l , with accuracy growing with n. The field u n f is smooth uniformly on the whole domain (whenever f is) and is not dependent on the boundary conditions set originally on Γ s . With n and the field u n f given, we split u 2D into two parts as
where u as,n is the solution to the 2D elastic problem where the load on Γ l is the same as in the original problem but the given stresses or displacements on Γ s are changed so that they correspond to the asymptotic field u n f . Then u b,n satisfies (2.1) together with homogeneous (free) boundary conditions on Γ l and with the boundary conditions on Γ s obtained by superposition.
Given the above splitting of the exact displacement field corresponding to a given n, we split the displacement field of the n-model analogously as
where u n,as and u n,b are obtained from their exact counterparts by the projection principle, i.e.,
with consistent kinematical constraints imposed on Γ s .
In section 3 we construct u n f for arbitrary n, separately in the four cases B.1, B.2, M.1, M.2, and obtain an estimate of the form
From the projection principle we then conclude that the same estimate holds for |||u as,n − u n,as |||/|||u as,n ||| as well. In section 4 we study the behavior of u b,n and its projection u n,b . We characterize these solutions as linear combinations of three known far-field solutions plus exponentially decaying boundary layers. Together with the results of section 3 these estimates give both the global and interior convergence rates of the n-model. The details of section 4 turn out to be rather case-dependent.
3. Construction of an asymptotic expansion. We are going to construct a displacement field u n f ∈ W n in such a way that it satisfies (2.4) and (2.5) with accuracy growing with n.
If we substitute a u = n i=0 u i z i ∈ W n into the Euler equations and into the stress boundary conditions on Γ l , we get formally the following set of equations:
The asymptotic field u n f will be an approximate solution to (3.1)-(3.4) with u i and w i of the form
where further u j i and w j i will depend on f , but not on t. Depending on the case, the expansions will be either purely even or purely odd in z.
Below we present an algorithm for the construction of functions u j i and w j i in (3.5), thus leading to a double expansion of the asymptotic field u n f . Based on this algorithm, an asymptotic field accurate to any prescribed degree O(t n ) can be constructed by symbolic calculus if f is smooth. The membrane and bending cases will be considered separately since they are quite different. A few leading terms of the asymptotic fields are given in Appendix A for the four cases. At the end of this section we give an asymptotic error bound for the n-model (Theorem 3.2). This is based on truncation error estimates for the asymptotic expansion.
3.1. The membrane problem. The construction of the asymptotic expansion is based on the following algorithm.
1. Assume that u j i and w j i with j = 0, 2, . . . , a − 2 are known from the previous steps of the algorithm. Here a is even and we first set a = 0. 2. Force the coefficients of z 0 t a , z 1 t a , t 1+a , and t a on the right sides of (3.1)-(3.4) to vanish with the following choices: (a) for a = 0 by the choice M.1:
and then choosing
where we have used the notation
3. Solve u a i+2 and w a i+2 for the remaining values of i by requiring in (3.1) and (3.2) the coefficients of z i t a to be zero; i.e., choose
(3.7)
for i = 2 . . . n − 2, where the indices are even for u and odd for w. 4. Raise a by 2. Stop if a > n − 2, otherwise go back to step 2.
The bending problem.
To find an asymptotic expansion for the bending problem is a bit more difficult due to the singularity of the underlying set of equations.
1. Assume that u j i and w j i are known from the previous steps for j = 0, 2, . . . , a− 4. Here a is even and we first set a = 2. 2. Define first the auxiliary functions B 1,a and B 2,a as follows:
(a) if a ≥ 4, then for all i at this step. To this end, we need to take one step into the future and first look at the equations formed by the coefficients of z 1 t a , z 0 t a , t a , and t a+1 in (3.1)-(3.4). In light of the above definitions, these may now be written as
If we try to solve w a 0 , u a 1 , w a 2 , and u a 3 from these equations, we find that the system formed by the last three equations is singular, and there will be no solution at all unless the constraint 1 1 + 2γ B 1,a + 4B 2,a = 0 (3.8) holds. If (3.8) is assumed to hold, the solution will be of the form
Then u a i and w a i can be determined for 2 < i ≤ n + 2 as in (3.6) and (3.7). The terms with n < i ≤ n + 2 are needed here in the construction but they are dropped out naturally from the final result. In these equations, w a 0 is still not determined, but our aim is actually to find w 
satisfies the constraint (3.8). Here a tilde over B ·,a indicates that the first term is left out from the summation; i.e., the summation begins with i = 4 or i = 5. Now that w a−2 0 is known, all the remaining terms with superscript a − 2 are also determined. 3. Raise a by 2. Stop if a > n; otherwise go back to step 2. 
Asymptotic convergence rate of the
in a pointwise sense. We could sharpen these estimates by separating even and odd n's, but this is unnecessary for our purposes.
To estimate |||u as,n − u n f ||| we note first, integrating by parts, that
Here we first used the Cauchy-Schwarz inequality, then the estimate
which follows from the standard Trace theorem by a simple scaling argument, and finally the Korn inequality (2.2). In order to assure that u as,n −u n f ∈ V we might have to add a rigid displacement, but this modification is not visible in the energy norm. Thus we have proved so far that the expansion u n f constructed above satisfies the estimate |||u
As we have pointed out, this estimate is not an optimal one. However, we can use the estimate to improve itself. By straightforward computation (based on the above algorithms) we can first estimate the strains and stresses for u n+N f − u n f and get, with the help of these estimates,
for any finite N ≥ 1. Choosing here N = 2 and using the triangle inequality we conclude that actually
Here we have chosen the conditions on Γ s for both u as,n+2 and u as,n according to u n+2 f . We need finally a lower bound for |||u as,n |||. From the expansions of u n f presented above we conclude that
Together with the convergence result this shows that |||u n f |||/|||u as,n ||| = O(1), except possibly when n = 0 or when n = 1 in the bending case. These cases make no exception, as is easily checked, so we come to the following convergence theorem.
Theorem 3.2. The following estimate holds.
We have indicated here that the constant depends on n and f , but not on t.
The edge boundary value problem.
In this chapter we will analyze in parallel u b,n and its projection u n,b according to (2.7).
Recall that u b,n is the solution to the 2D elastic problem where Γ l is free of tractions and the boundary conditions on Γ s are set so that u n f + u b,n satisfies the conditions of the original problem. Our aim is to first separate the boundary layer part from the other components of u b,n and to then see how accurately different components are captured by the dimension reduction models. We begin with a lemma.
Lemma 4.1. Consider the problem with any type of boundary condition on Γ s and with Γ l free. Then if τ is the stress field corresponding to either the 2D model or any n-model, the following holds for all −1 < x < 1 and 0 ≤ i ≤ n:
Moreover, if one has stress boundary conditions τ 11 (s, ·) = τ s 11 or τ 13 (s, ·) = τ s 13 at a given end, s = −1 or s = +1, then for any i such that 0 ≤ i ≤ n, the following identities hold for the corresponding stresses according to the n-model:
Proof. Consider in parallel the 2D and reduced variational formulations. Observe thatũ
for any v(x) ∈ H 1 (−1, 1) and for any 0 ≤ i ≤ n (modulo a possible rigid displacement). Substitute these candidates forũ into the variational forms (2.1) and (2.3) and integrate once by parts with respect to x. In the case of stress boundary conditions on Γ s , we obtain
Note that this holds for other boundary conditions as well, provided that one takes v(s) = 0 whenever a displacement component is prescribed at x = s. Since v(x) was arbitrary, taking v(±1) = 0 proves the first claim. The second claim then follows taking v(s) = 0. As is well known, the so-called Saint-Venant's principle holds in the problem of elastic strip. According to this principle, self-equilibrating stresses on Γ s cause only exponentially (in scale t) decaying boundary layer terms to the solution of the 2D model. Let us define for notational convenience
The precise conditions for self-equilibrium may now be defined as follows. 
Definition 4.1. A stress distribution at x is called self-equilibrating if
A(x) = B(x) = C(x) = 0.
Note that by Lemma 4.1, A(x) = A and B(x) = B must be constants and C(x) = C(0) +
Although the theorem is well known (see [HK] ), we give a proof (based on variational methods) in Appendix C for the reader's convenience. We note also that Theorem 4.2 gives the rate of exponential decay only with respect to the parameter t. For a discussion concerning approximation of the parameter k, see [HK] , [H1] , [H2] .
For the unit tension and bending and flexure fields given in Appendix B, we have
Given the constraints A, B, and C(0) we can define an "interior" displacement field u i as
If we substract u i from the actual solution, the remaining part is seen to satisfy the conditions of self-equilibrium. Thus we may write
where u e decays exponentially and
RDi is a rigid displacement. When considering dimensional reduction, we have to demand that the reduction order satisfies n ≥ 1 in the membrane case and n ≥ 3 in the bending case in order to quarantee that the unit solutions belong to W n (see Appendix B). The splitting formula holds not only for surface traction conditions but for any type of boundary conditions. This is of course due to the fact that we can always consider any solution u (modulo a rigid displacement) as a solution to that surface traction problem where the given stresses are determined by u itself.
We are now ready to formulate the main result of this chapter. We are going to give the values of A, C(0), and B and an estimate for the energy norm of u e for all of the different types of boundary conditions considered for the 2D model and for any reduced models with n ≥ 1 (membrane case) or n ≥ 3 (bending case). The different combinations of the boundary conditions at the ends are treated one by one so that in each case, only one component at x = −1 is assumed to be nonhomogeneous and the other three (one at x = −1 and two at x = +1) are assumed to be homogeneous. The general case then follows from these 32 cases by symmetry arguments and superposition. The assumptions made on the nonhomogeneous boundary condition and the type of the three homogeneous conditions are given in the tables. Note that the results depend essentially on the type of the homogeneous conditions.
In order to prove the theorem, we need a number of auxiliary lemmas. The first one deals with relations between displacements and stresses.
Lemma 4.4. In the 2D model and in any reduced models with n ≥ 1 for the membrane case and n ≥ 3 for the bending case, the following hold:
Proof. To prove the second identity, we define
Using Lemma 4.1 and the stress-displacement relations we get h (x) = We will make use of the complementary energy principle. In order to state it here we first need two definitions. 
Proof. The proof may be found, e.g., in [No] . The energy norm is of course defined here as derived directly from the stresses with the help of (assumed) stress-strain relations, so displacements are not needed.
We will need sharp estimates for the inner products between the unit solutions and exponentially decaying boundary fields. The following lemma gives us estimates which are of order √ t better than the ones given directly by the Cauchy-Schwarz inequality.
Lemma 4.6. A (a,b) the part of A where the integration is carried out over the region where a < x < b. To prove the first claim, we proceed as Concerning the values with an error term we will first consider the 2D model only. The results for the reduced models then follow quite easily. Let us now turn our attention to those values for nonhomogeneous displacement edge data which are not given exactly. Note that in some of the cases we have separated the "leading" term of the boundary condition due to its special role in the solution. Let us first analyze the problems where the boundary condition is taken purely as the leading term. We begin with estimating the energy of u e by the complementary energy principle. This may be done by choosing u S as a linear combination of the unit solutions (with coefficients as given in the table without the error term) and rigid displacements (with coefficients which make u S satisfy the leading terms of kinematical boundary conditions). The stress field derived from this displacement field then plays the role of a statically admissible stress field τ S . After this is done, we define the geometrically admissible displacement field u D as u S + uẽ, where the correction term corresponding to given displacement conditions is defined as
Proof. Let us denote by
A(u UT , u e ) = 1/t −1 i=0 A (−1+it,−1+(i+1)t) (u UT , u e ) + A (1−it,1−(i+1)t) (u UT , u e ) ≤ 1/t −1 i=0 |||u UT ||| (−1+it,−1+(i+1)t) + |||u UT ||| (1−it,1−(i+1)t) |||u e ||| it ≤ C|||u e ||| 1/t −1 i=0 e −ki ≤ C|||u e |||.
If 1/t is not an integer then
By the complementary energy principle we have
The coefficients with primes are defined as the values (without correction) given in the tables. By straightforward computation we get for |||uẽ||| the estimates given in the tables for |||u e |||. If we now look at the energy in the middle of the strip, say at (−1/2 < x < 1/2), we may conclude by Saint-Venant's principle that u e is exponentially small and we have by the triangle inequality
Thus we conclude again by the triangle inequality that |||u e ||| = O(|||uẽ|||). We next improve the bounds (4.4) by a factor √ t, by making use of Lemma 4.6. First we form the inner product between u and the corresponding unit solution field to obtain
We have used here the fact that A(u UB , u UF ) = 0. The first terms in (4.5)-(4.7) (corresponding to u e = 0) may in most cases be given simple expressions by partial integration. In this way we have obtained the leading terms of the coefficients (whenever given precisely) in the tables. Applying Lemma 4.6 in estimating the remainder terms in (4.5)-(4.7) we can now improve the bounds (4.4). In the cases where a relation B = ±C(0) is given, the inner product between u and u UB cannot be derived directly. However, starting from the mentioned relation, we obtain
which may be evaluated utilizing the fact that for u UB ± u UF the stress component τ 11 is identically zero at x = ∓1.
For the remaining parts of the displacement boundary conditions (possible leading term substracted) we utilize the same ideas choosing simply u S = 0. Then we are left with nonhomogeneous stress conditions. We write u = A u UT + C(0) u UB + B u UF +ũ, where the coefficients with primes are the ones given in the tables. In order to estimate |||ũ||| we utilize again the complementary energy principle. In ω (−1,−1+t) , i.e., in the part of the strip where −1 < x < −1 + t, we choose the statically admissible stress field τ S as the solution to the problem with the stress conditionsτ 11 ,τ 13 at x = −1 determined byũ and with free boundary conditions on the remaining part of ∂ω (−1,−1+t) . It is important to note that this auxiliary problem is well posed, i.e., the stress conditions at x = −1 satisfy the conditions for selfequilibrium. In ω (−1+t,1) we may then choose τ S = 0. The Euler equations hold also at x = −1 + t (in the sense of distributions) due to the continuity of τ 11 and τ 13 . By a simple scaling argument we may deduce from standard stability results the estimate
The geometrically admissible displacement field is then defined as in (4.3). Finally, we again improve the bounds for the error in the given values for A, C(0), and B by a factor √ t, using the relations (4.5)-(4.7). For the bending case with τ 11 given, where (4.6) cannot be derived directly, we get with the help of B = C(0) −
where the first term is seen to vanish by partial integration.
In some of the cases we have set some restrictions (R) for the given stress in order to quarantee the well-posedness of the problem. However, the restrictions may always be satisfied by substracting a suitable combination of the unit solutions from the original problem.
To see that the same results hold for the reduced models we observe that the formulas (4.5)-(4.7) are also valid in this case. Thus all we need to know is that the field u e satisfies the same estimates as in the 2D problem. This follows easily by the projection principle.
Theorem 4.3 immediately gives us also the dimension reduction error, both globally and in the interior of the domain. Because the given values hold for both 2D and reduced models, the reduction error is at most of the same order as the error terms in the tables. In order to compare the different components, we need to note only that |||u UT ||| ∼ t −1/2 and |||u UB ||| ∼ |||u UF ||| ∼ t −3/2 . We see that the global relative reduction error (avoiding some special cases) is O( √ t), due to the error made in the boundary layer. In all of the cases the reduction error in the interior part of the strip is either exponentially small (in cases where the unit-field component u i is captured exactly) or of order √ t smaller than the global one. Let us now discuss shortly the special cases excluded by Theorem 4.3, where the model order n is not high enough to capture the unit fields. We note first that for the membrane problem the model n = 0 fails in general asymptotically. An exception is the case γ = 0, for which Theorem 4.3 holds even with n = 0. For the bending case, n = 0 fails asymptotically, and so does the linear model n = 1, except if γ = 0. Then the relative error of the far-field solution is of order O(t), independently of the type of boundary conditions. The quadratic model n = 2 is the first one to converge in the general case γ = 0. Here the relative interior convergence rate is again O(t) for all types of boundary conditions. We note that it is possible to construct asymptotically converging models with n < 2 also (e.g., the classical Timoshenko model, which may be obtained by eliminating the quadratic term from the 2-model). However, keeping only to the straightforward use of the energy principle, n = 2 is the simplest model to converge in the general case.
Let us finally join together the results of sections 3 and 4 in order to deduce asymptotic error estimates for dimension reduction applied to the original problem considered. Avoiding some special cases, the global relative reduction error is O( √ t) in the energy norm, independently of the model order n. The interior convergence rate is either O(t) (for those boundary conditions for which a correction term for A, C(0) or B is given in the tables for Theorem 4.3) or as given by Theorem 3.2: O(t n−1 ) for the bending case and O(t n ) for the membrane case. Thus it is seen that the model order n has in general no influence at all on the global asymptotic convergence rate, due to the true 2D behavior of the boundary layer term. Even the interior asymptotic convergence rate is affected by n only for some types of boundary conditions. In order to get the full benefit from the usage of high-order models, one should use the 2D model in the boundary layer, say, to a distance ∼ t log t from the edges, and the n-model in the interior of the domain only. Such a model (which could be easily implemented, e.g., to the FEM) would give as global convergence rates the "optimal" ones: O(t n−1 ) for the bending problem and O(t n ) for the membrane problem.
Unit tension field
Unit bending field
Unit flexure field
Appendix C. The Saint-Venant's principle. The following proof follows closely the original idea of [Tou] . Below we denote by |||u||| 2 (a,b) the deformation energy evaluated over the region where a < x < b. Let us begin with a lemma.
Lemma C.1. There is a constant C such that for any u ∈ W and for any a,
Proof. Scale to a t-independent region and apply the Korn inequality.
Proof of the Saint-Venant's principle. It clearly suffices to prove the theorem in the case where the stress boundary conditions are homogeneous at x = 1. Let us denote by U (δ) the energy contained in the region where the distance from x = −1 is at least δ. Using the Cauchy-Schwarz inequality and the arithmetic-geometric mean inequality, we have
We define Q(δ) as the mean value of U (δ) on the interval (δ, δ + t):
where k is a positive constant. Observe that self-equilibrium leaves us free to add any rigid displacement to (C.1) and so to (C.2) also. Thus the inequality is justified by Lemma C.1. Now from
we have, integrating over the interval (0, δ − t),
Appendix D. Theorem 4.2: Tables for the membrane case. 
